Aims. Signals of stationary slow modes have been detected in observational data and modelled through numerical computations, comparing these results with the modes of a homogeneous tube. Here we explore the effect of structure along the magnetic field on the modes of oscillation of a coronal loop. Methods. We present a limit in which the slow mode is decoupled from the other magnetohydrodynamic modes, describing its behaviour in terms of a relatively simple partial differential equation. This equation is solved analytically and numerically for various longitudinal profiles. Results. For low density contrast between footpoints and apex, the modes of the structured tube are similar to the modes of the homogeneous tube, evolving regularly from them, with small modifications in frequency and spatial structure. As the density contrast is increased, the extrema are displaced towards the dense layers and the frequencies of the higher harmonics are strongly modified. Finally, as the ratio is increased further, two types of modes appear: modes approximately line-tied in the dense layer and modes with high amplitude in them (with avoided crossings between them in the dispersion diagrams). Conclusions. Different regimes can be identified, depending on the density contrast between the loop footpoints and its apex. This allows us to compare apparently different numerical results and understand their various features. Our analytical results are in accordance with current numerical simulations.
Introduction
It is clear from X-ray and EUV observations that the solar corona is structured in regions with open magnetic fields, or coronal holes, and in regions with closed magnetic field (with both endpoints of magnetic field lines anchored in the photosphere). Closed regions are in fact composed of myriads of coronal loops, with a wide range of densities and temperatures. Coronal loop oscillations have been widely reported, especially using data from the Transition Region and Coronal Explorer (TRACE) and the SUMER instrument of the Solar and Heliospheric Observatory (SOHO) . In particular, there is evidence of standing oscillations in coronal loops that are of acoustic nature (Wang et al. 2003a,b) . Reviews of observational and theoretical aspects of coronal oscillations are given by Roberts (2000) , Aschwanden (2004) and Nakariakov & Verwichte (2005) .
Coronal loops are commonly modelled as magnetic flux tubes. To study their oscillatory properties the models tend to be simple, with the aim of studying the most relevant and generic features of the modes without the complications of additional effects. The most simple model is a cylindrical flux tube in pressure balance, without the complexities of gravity, curvature, radiation or heating. This leads to a profile with constant pressure, density and temperature along the tube. However, more advanced equilibrium models have also been proposed which include radiation, conduction and various forms of heating (due, for example, to wave dissipation or magnetic reconnection). There are many studies of the conditions of the coronal loops and different equilibrium profiles have been considered, e.g., Priest et al. (2000) , Chae et al. (2002) and references therein. However, recent observational evidence, especially from TRACE, is not easily explained by models with thermal and hydrodynamical equilibrium (Testa et al. 2002; Winebarger et al. 2003) , so other equilibria have been developed. The effect of time-dependent heating functions was considered in Walsh et al. (1995 Walsh et al. ( , 1996 , with random heating pulses, simulating nanoevents, discussed in Walsh et al. (1995) , Walsh & Galtier (2000) , Mendoza-Briceño et al. (2002) and Testa & Peres (2003) . Also, deviations from the thermal equilibrium were considered by Bradshaw & Mason (2003a,b) .
Regarding the loop oscillations, some of the observed standing modes are thought to be slow magnetoacoustic modes. The oscillatory properties of an isolated, infinite, uniform, cylindrically-symmetric flux tube were discussed by Edwin & Roberts (1983) and Roberts et al. (1984) . However, it is still not known how the conclusions of these relatively simple models are modified by the complexities of real coronal loops. The aim of this paper is to extend the oscillatory analysis to include longitudinal loop structure. We concentrate on the effects introduced by non-uniform plasma density profiles structured along the loop axis, finding an equation for the slow modes and solving it for a density profile which depends exponentially on the distance along the loop. Our results are then compared with recent numerical simulations.
Equilibrium model and wave equations
We are interested in studying an isolated coronal loop embedded in the corona. The length of the coronal flux tube is 2L, with dense photospheric plasma at its ends. The magnetic field B 0 is photosphere 2b 2L Fig. 1 . A sketch of the equilibrium configuration representing a straightened flux tube of length 2L and radius b. The density inside the loop (shaded grey in the figure) is ρ 0 (z) and the density in the coronal environment is ρ c . The magnetic field is uniform and parallel to the z-axis, and the whole configuration is invariant in the azimuthal direction.
uniform and parallel to the loop axis. The flux tube is straightened (i.e. curvature effects are ignored), so the magnetic field becomes B 0 = B 0 e z , where the z-axis is aligned with the loop. Gravitational effects are not included. The loop is symmetric about the apex at z = 0 and has only a simple variation across the loop axis with a uniform magnetic field. Magnetostatic pressure balance then requires that the equilibrium pressure p 0 is also uniform. However, we consider the possibility of the equilibrium density ρ 0 being a function of the distance along the loop z. Accordingly, the flux tube is structured along its length (see Fig. 1 ).
The starting point for the linear MHD wave analysis is the following system of partial differential equations for the total perturbed pressure p T and the perturbed velocity u = u ⊥ + v z e z (Roberts 1991; Díaz et al. 2002) :
where c A (z) and c s (z) are the Alfvén and sound speeds, respectively, and the speeds c f (z) and c T (z) are defined though c 
A . Equations (1)-(3) apply for a generally structured equilibrium, provided B 0 and p 0 are uniform.
We consider Eqs.
(1)-(3) in cylindrical coordinates (r, ϕ, z), with the perturbed flow u = (v r , v ϕ , v z ). In general the three magnetohydrodynamic modes are coupled. However, we can extract information about the slow mode by using a stretching coordinate (Roberts 2006) . We set r = R and write v r = u r ; we are interested in the case 1, since loops are long thin structures and the r-coordinate has a very small range in comparison with the z-coordinate. Taking this into account, we can see the effect of this scaling on the wave equations. The r-component of Eq. (2) takes the form
Neglecting terms of order , we obtain
We may check that u r has the same order as v z and can be obtained from this quantity by using Eq. (7). Finally, we obtain from Eq. (3) neglecting higher orders in :
Thus we obtain a wave equation for v z . All other perturbed quantities can be computed from v z . The wave propagation speed c T (z) is given by
where c T0 = c T (z = 0) and ρ 0 = ρ 0 (z = 0) are the values of the tube speed and plasma density at the loop summit. Looking for solutions of the form
where f (z) = ρ 0 (z)/ρ 0 . Taking into account also the line-tying boundary condition v z = 0 at the photospheric surfaces z = ±L, Eq. (10) leads to a Sturm-Liouville problem.
Slow modes in a homogeneous tube
We may recover the results for the homogeneous tube (Edwin & Roberts 1983) . In a uniform tube ρ 0 (z) = ρ 0 , so f (z) = 1 and the solutions of Eq. (10) are simply trigonometric functions. We can define a z-wavenumber as
Applying the line-tying boundary conditions at the base of the loop, namely that v z = 0 at z = ±L, we have
Finally, we can write the orthonormal set as v zn (z) = cos k n z for the even modes with respect to z = 0, with a similar expression (replacing the cosine by a sine function) applying for the odd modes. This is the basis we use as a comparison for other profiles. Notice that for the slow modes the frequencies of the harmonics are equally spaced (the frequency of the nth harmonic is n times the frequency of the fundamental mode n = 1, πc T0 /2L).
Analytical solution for a piecewise exponential profile
Equation (10) can be solved analytically for certain density profiles. Of particular interest is the case of a constant density in the central part of the loop (0 ≤ |z| < W), combined with a profile that changes exponentially with density near the loop footpoints, namely:
where H is the density variation scale, which is related with the density in the footpoints
The plot corresponding to this profile is represented in Fig. 2 for W/L = 0.9 and ρ m = 80ρ 0 , so H/L ≈ 0.023. To find the stationary modes we solve Eq. (10) with the profile in Eq. (13). The profile is symmetric about the loop apex, so we restrict the analysis to z ≥ 0 and study separately even and odd modes, depending on the condition we impose on the apex (z = 0). For the even modes we use v z = 0 at z = L; for the odd modes we use v z = 0 at z = L.
In the central region, z ≤ W, the density is constant ( f (z) = 1), so the solution can be expressed in terms of trigonometric functions
where the coefficients C even and C odd reflect that for even modes we just need the cosine function and for odd modes the sine function.
In the footpoint layers we have the following differential equation:
The solution of this ordinary differential equation can be expressed in terms of Bessel functions (Abramowitz & Stegun 1967) , namely
where J 0 and Y 0 denote ordinary Bessel functions of zero order. Notice that the argument of the Bessel functions does not reach zero, so both functional dependences are retained and are necessary to fulfil the boundary conditions. Photospheric line-tying demands that v z (z = L) = 0, so we can relate the constants in Eq. (17). Next we need boundary conditions at the plasma interface at z = W. Since the equilibrium magnetic field and the normal vector on this surface are parallel the conditions are
meaning that the velocity perturbation and its derivative must be continuous across the boundary. Using these conditions together with line-tying, the following dispersion relation is obtained for the even modes,
and
for the odd modes. The arguments of the Bessel functions are:
To better appreciate the dependence upon the density contrast between footpoints and apex we have plotted in Fig. 3 D(ω) and E(ω) as functions of ρ m /ρ 0 for a fixed ω.
Slight inhomogeneity
Consider the case of ρ m → ρ 0 , for which H → ∞, so both D(ω) and E(ω) in Eq. (21) become large. In this situation, the asymptotic expansions of the Bessel functions can be invoked (Abramowitz & Stegun 1967) , namely, for z large enough,
Using these approximations, the dispersion relation Eq. (19) simplifies to
which can be solved explicitly yielding
where x = (ρ m − ρ 0 )/ρ 0 , and we have introduced
The limit under consideration implies x → 0 and g(x) → 1. Notice that if we remove the inhomogeneous layer by setting W = L then Eq. (12) for the even modes is recovered immediately. We can in fact expand g(x) in a power series to obtain the first order correction, giving
However, the expansion is accurate only for ρ m ≈ ρ 0 , since the range in which the arguments of the Bessel functions are large enough to justify the approximation of Eq. (22) is small ( Fig. 3 ). For higher harmonics the arguments of the Bessel functions are multiplied by the order, so the approximations presented here remain valid for larger values of ρ m /ρ 0 . Similar formulae to Eqs. (23)- (26) can be obtained for the odd modes.
High footpoint density
We consider now the limit (21) is small, but E(ω) may large. In this limit, we need the expansions for Bessel functions of small arguments (Abramowitz & Stegun 1967) 
Then, the dispersion relation in Eq. (19) becomes
The tangent in the right-handside of the equation is large in this limit (since E(ω) → ∞). There are two types of solutions to Eq. (28). First of all, when the frequency is near the asymptotes of the tangent in the lefthandside there is always a value on the right-handside which is large. As a result, there are solutions for which
which correspond to the modes of a loop with length 2W (since the density in the footpoint layers is so high that the length is effectively shortened); hence,
with n W = 1, 2, . . . These solutions correspond to having a node near z = W, so the amplitude in the dense region must be small, and from Eq. (17) there is a large number of oscillations in that region since E(ω) is large.
On the other hand, if the frequency is not close enough to an asymptote of the left-hand term of Eq. (29), then the equation can be rearranged as
with the function f r (ω) well behaved. Then, the solutions can be approximated as
with n H = 1, 2, . . . There are a large number of solutions of this equation between each pair of solutions to Eq. (30), since the term in the parenthesis in Eq. (32) is small in this limit. These solutions also have many extrema in the dense regions near the footpoints, by virtue of Eq. (17). Notice that two different indexes, n W and n H , have been used to label the solutions to Eqs. (30) and (32), but it is well known that in a Sturm-Liouville problem the solutions are labelled by a single index that is related to the number of extrema of the corresponding eigenfunction. In fact, the actual number that corresponds to each eigenfunction is not easy to predict; for example, there might be a high number n H for which the frequencies satisfy
Another interesting property of the modes in this limit is that the frequencies of the consecutive even and odd modes tend to the same value. This can be checked by noticing that the righthandside of the dispersion relation for the even and odd modes is the same.
Also, this limit is only valid for large ρ m /ρ 0 , since the argument in Eq. (21) must be large enough to validate the asymptotic expansions in Eq. (22), which is a function that grows slowly, as it can be seen in Fig. 3. 
Fully exponentially stratified loop
Next we consider the limit W → 0, corresponding to a loop with an exponentially decreasing density profile all along its length. In this limit the dispersion relations become
for even and odd modes, respectively. The zeros of the transcendental expression in Eq. (33) can be developed in the form of a series (Abramowitz & Stegun 1967) , yielding for the even modes:
Similar expansions hold for the odd modes with different s, p and q. It is expected to have an ordered series of solutions, since the Sturm-Liouville theorem applies. For high orders the spacing tends to be uniform between modes, with just the lower ones with appreciable corrections. In the limit of H → 0 (high footpoint density) we also check that the solutions tend to form a continuous band.
Numerical solution of the dispersion relation
The limits studied above provide a hint of the behaviour of the eigenmodes. However, realistic cases tend to fall outside these limits, so we need to solve Eq. (19) directly. There are two parameters of interest: the density contrast between the apex and the footpoints, ρ m /ρ 0 , and the extent of the layers in which the density is growing exponentially (related to W). First, we study the dependence on the footpoint density. We can see the evolution in Fig. 4 . The limits of small or large ρ m /ρ 0 are described in the previous subsection but there is much of interest in the intermediate region. For low density ratios the dispersion diagram looks very similar to that of a homogeneous tube, with the modes separated regularly. However, as the footpoint density is increased, the frequencies decrease (since there is more mass in the loop, so all the curves fall off). As the density is increased further, avoided crossings appear due to the fact that modes cannot cross each other. For a large density contrast, there are many more modes in the diagram separated by a constant number (as is described in Eq. (32)), but these modes tend to accumulate near the values given in Eq. (30). Also apparent is the fact that consecutive even and odd modes tend to the same frequency.
In coronal loops we may expect ρ m /ρ 0 ≥ 10 2 , so it is interesting to look closely in this region. The modes in which the dense layers vibrate strongly are not present for ρ m /ρ 0 ≈ 10 2 yet, and there is only a correction on the values given by the homogeneous loop. However, the correction is not the same for all the modes, so they are no longer regularly spaced, which seems also to be in accordance with recent observational claims for the fast kink mode (Verwichte et al. 2004; Andries et al. 2005) .
On the other hand, varying W/L also induces avoided crossings and frequency shifts, as we can see in Fig. 5 . In the limit W/L → 1 we recover the values of the homogeneous problem, but then the layers become very rapidly apparent and the frequencies are strongly modified. Notice that the limit W/L = 0 corresponds to a loop which is fully exponentially structured, as described by Eq. (35). In this limit, it is remarkable that higher even and odd harmonics are regularly spaced, but the lower ones do not satisfy this property: modes have different frequencies and also consecutive even and odd modes are close together.
Spatial structure of the eigenfunctions
To achieve a better understanding on the solutions it is necessary to plot the eigenfunctions and compare them with the simple trigonometric solutions of the homogeneous tube. In Fig. 6 we have plotted the first basis functions for different values of the footpoint density. Panel a) corresponds to a situation that is close to the homogeneous case: the modes are still near the corresponding ones of the homogeneous tube, although we can see in the higher harmonics that the dense footpoint layers have a relevant effect: the amplitude in these regions is lower and the extrema are slightly displaced towards the footpoint. Also notice that the fundamental mode is slightly modified (all in accordance with the dispersion diagram in Fig. 4 , in which we can check that the higher harmonics are more perturbed and the fundamental one has almost the same frequency). On the other hand, panel b) shows a situation where the modes are no longer paired with their homogeneous counterparts in frequency or structure: the spatial structure is concentrated in the dense layers (with many extrema there for higher order modes). Panel c) is even more extreme, and for this example there is no sign yet of the mode which would correspond to the second harmonic of the reduced loop with length 2W. In Particular, the fundamental mode is completely different, almost flat in the less dense part of the loop and with a sharp decay in the dense layers near the footpoints.
Regarding the extreme of high density in the footpoints, there is another important property: when the frequency of a mode is close to one in Eq. (30), the amplitude of the extrema in the dense layers is much lower (see Fig. 7 ). This is in agreement with the facts deduced from the dispersion relation: these modes correspond to the ones of a loop with line-tying at W/L, so the amplitude in the remaining part tends to be small, opposite to what happens with the other modes, in which the amplitude in the dense region is more important.
There is another interesting point: how the spatial structure changes during the avoided crossings (see Fig. 8 ). In this situation the exchange is between a mode similar to the ones of homogeneous loop with length 2W and the other a mode with relevant amplitude in the dense layers. As the crossing progresses, the shape of a trigonometric function line-tied at z = W is transferred to the higher harmonic. It can also be thought as the In all these panels, the solid line represents v z1 (z), the dashed line v z2 (z), the dot-dashed line v z3 (z), the dot-dot-dashed line v z4 (z) and the long-dashed line v z5 (z). The eigenfunctions are normalised so that v zn (0) = 1. process in which the frequencies of the modes that in the limit of high footpoint density are described by Eq. (32) go below the ones of modes described in the limit by Eq. (30).
Comparison between numerical eigenmodes and results from numerical MHD simulations
We can solve Eq. (10) numerically for various profiles used in numerical works, taking into account the conclusions derived from the analytical study of Sect. 3 as a guide. As an application, we find the eigenmodes for models in the two limits that we have found in the analytical work in Sect. 3, namely a model with high ratio of footpoint density to apex density, and then a model with low ratio. We obtain the eigenfunctions numerically (using the NAG routine D02KEF and related ones). 
Slow modes in a hyperbolic profile
We compute the stationary modes of the profile employed in numerical simulations by Ofman (2002) and Selwa et al. (2005) , namely
with s f being the slope near the footpoints and z = z th the position of the transition region. Following Selwa et al. (2005) , we choose ρ m /ρ 0 = 10 6 , s f L 2 = 125 and z th /L = 5.684 × 10 −3 . Notice that the profile has a large density increase near the footpoints, but it is almost flat in the central part of the loop (see Fig. 9 ).
First, we study the frequencies of the eigenmodes. Figure 10 displays the eigenfrequencies for the profile in Eq. (36). Many more modes arise than in the homogeneous case (Eq. (12)), as we can see by comparing their orders (for example, the fundamental mode for the homogeneous tube has a similar frequency to the 25th harmonic of the inhomogeneous tube). The spacing between modes and the number of modes between each value of frequency for the homogeneous tube depends strongly on the chosen parameters. The modes are not regular spaced and their frequency is no longer a multiple of the fundamental. Also consecutive even and odd modes tend to be very close in frequency.
It is interesting to examine the spatial structure of these modes. The modes numbered n = 25 and n = 50, which have similar frequencies to the first and second harmonics of a homogeneous tube, are plotted in Fig. 11 . These plots may be compared with Fig. 2 in Selwa et al. (2005) . We recognise there the same basic pattern and also the small wiggles in the dense layers near the footpoints. As noted in their paper, this could be thought as an effective line-tying acting in the base of the transition region, so the effective length of the loop is shortened (in accordance with Roberts (2006) without including gravity); the wiggles do not arise from numerical roundings.
There are also modes whose frequency do not lie close to those of the homogeneous case, a feature that can be expected for the results in Fig. 4 . A small selection of these modes are presented in Fig. 12 to show the general trend. Almost all the extrema are concentrated near the footpoints except the ones that the nearest eigenfunction for the homogeneous problem has, and that the amplitude in the dense layers is much larger than in the modes of Fig. 11 . Clearly these modes do not seem to appear in the numerical simulation, a fact which may indicate that they are in fact artificially confined by the line-tying, so if this condition were removed they would leak much more deep in the solar interior. Notice however that their amplitude decreases exponentially with distance from the transition region. From the last three panels in Fig. 12 we can also see how new extrema are added to the coronal structure: the maximum that lies higher in the region near the footpoints grows very fast and is displaced to higher heights until it reaches the position of the corresponding homogeneous-like function. These eigenmodes with large amplitude in the dense layers are not reported in the numerical simulations. There are two possible explanations for this lack of detection that go beyond the assumptions of the model in this paper: either the modes are artificially trapped by the line-tying and signal the leakage of energy through the footpoints or these modes are heavily damped due their structure in the dense layers and do not have time to become apparent as trapped modes.
Regarding the periods, we see that the main suggestion regarding the standing modes in Selwa et al. (2005) is that loop length is effectively shortened to W. However, in Table 1 we display the period P = P n of the fundamental and its first two harmonics, defininḡ we find that P n is intermediate between the homogeneous case with length L and the homogeneous case with length W, since using 2W as an effective length is just an approximation and the dense plasma in the footpoints still has a contribution, apparent also in the numerical output as small oscillations in the footpoint regions.
Slow modes of an averaged density equilibrium generated by random pulses
Next we study the case of an equilibrium that arises from numerical simulations (Mendoza-Briceño et al. 2006) . To obtain the equilibrium, a number of pulses were introduced at random times and locations in a region near the footpoints. The density profile was therefore changing with time, so a time-average is taken for the purposes of wave analysis. The resulting profile is presented in Fig. 9 . Notice that the random profile is not as dense in the footpoints as the profile discussed in the previous subsection, and it is not symmetrical with respect to the loop centre.
To calculate the eigenfunctions, the profile has been extrapolated by cubic splines using NAG routines. Then the eigenfunctions of Eq. (10) can be computed. Since this profile has a smaller density contrast between the footpoints and apex density, the modes are still close to the ones of a homogeneous loop and it is again useful to compare the results with the eigenfunctions of the homogeneous density profile (Fig. 13) .
The following points are clear from the spatial structure and the frequencies of the eigenfunctions:
1. Modes are no longer distinguished by their symmetry with respect to the loop centre, so no pure even and odd modes are present. 2. There are slight differences between the frequencies in the randomly generated profile and the frequencies in an homogeneous loop, although the changes in structure are much more evident. The frequency is always lower than the Comparison of the normalised periodsP n for the first three harmonics: the first column is the period of an homogeneous loop with length 2L and the remaining columns are for the numerical solution of Eq. (8) for the averaged density profile coming from random pulse injection in layers of width ∆L.
6.96 × 10 −13
6.38 × 10 counterpart for a homogeneous profile, since these loops have denser materials in the footpoints. 3. Compared with the eigenfunctions in Fig. 11 , the structure of the modes is not so confined near the footpoints (there are less extrema in the dense layers), and the frequencies always lie close to the ones coming from the homogeneous profile (Eq. (12)). 4. The extrema near the footpoints tend to be smaller in amplitude and width as the mode order increases, exhibiting a behaviour somehow intermediate between the homogeneous and the hyperbolic profiles. 5. For higher order modes, the nodes and antinodes are in different locations than in the eigenfunctions of the homogeneous problem.
All these remarks come from the fact that the modes of this profile are similar to those of a homogeneous medium, since the ratio of footpoint density to apex density do not reach high values (see Fig. 4 ). Notice that the modes with high numbers of oscillations in the dense chromospheric layers are not present for this range of ρ m /ρ 0 .
Regarding the resulting periods, we show in Table 2 the correction with respect with the results of the homogeneous tube. The correction always increases the period due to the addition of denser material in part of the loop. The effect is more important in the harmonics than in the fundamental mode (as it was also evident from the spatial plots of the eigenfunctions in Fig. 13 ). If the model has pulse injection up to higher levels (∆L/L = 0.3) the effects are stronger, since the difference between the footpoint and the apex density is higher. However, for the case ∆L/L = 0.5 this pattern is broken, mainly because the analytical profiles do not satisfy the condition of having total pressure constant all along the loop, and for these particular one this assumption is poor.
In the case ∆L/L = 0.1, we can evaluate a resulting period for the homogeneous case (P 1 = 168 s), and the corrected period that takes into account the density profile, P 1 = 174 s, increased because of the presence of the dense layers. Mendoza-Briceño et al. (2006) reported for this case a period of about 180 s, coming from a wavelet analysis of their time series, which matches well with this calculation. This might be and indication that the fundamental slow mode is being excited in their model, even if its spatial structure is not evident in their simulations due to the propagation, dissipation and nonlinear effects considered in their calculations. However, they also report higher periods that cannot be explained as slow modes.
Discussion and conclusions
In this paper a simple wave equation has been derived for the slow modes of coronal structures using a stretching coordinate (Roberts 2006) to decouple the slow mode from the other MHD modes. We have concentrated upon the effects of a stratification in density, mainly near the footpoints (which is directly related with the sound speed), taking the pressure to be constant along the loop (gravity is ignored). For typical values in coronal loops we have ρ 0 ≈ 10 −12 kg m −3 , p 0 ≈ 8.31 × 10 −3 N m −2 and B 0 ≈ 10 G, so the sound speed is c s0 ≈ 118 km s −1 and the Alfvén speed is c A0 ≈ 974 km s −1 ; then c T0 /c s0 = 0.984 and so the tube speed c T0 can be replaced by the sound speed c s0 with very little consequence. However, in our calculations we retain c T0 .
We have solved analytically the problem for an exponential density profile (since this is the type of profile that arises through gravity stratification, for example). A solution in terms of Bessel functions of exponential argument has been found for the nonhomogeneous layers. Besides checking the solutions obtained directly by integrating numerically Eq. (8), we can explore the different effects. The main conclusions from this part are:
1. Despite having a completely different spectrum and spatial structure, the solutions evolve regularly from trigonometric forms for the homogeneous loop to the extreme of high footpoint density, with the case of a numerical density profile as an intermediate case. 2. For low density contrast between the footpoints and the apex (ρ m /ρ 0 ≈ 1), the properties of the slow modes are only slightly modified, with small displacements in frequency which can be computed in appropriate limits. 3. As ρ m /ρ 0 is increased, the extrema are displaced towards the footpoints and those near the footpoints decrease in amplitude. The frequency of the higher harmonics is substantially modified, but the lower ones are still similar to their homogeneous counterparts. This can be explained noticing that higher harmonics have effective wavelengths of the order of the inhomogeneity, so are more easily affected by it. 4. For high ρ m /ρ 0 there are two types of modes: ones in which the structure in the central part is similar to the one of an homogeneous loop effectively line-tied in the dense regions (with many additional extrema of low amplitude in the dense regions) and others which have a much more appreciable amplitude near the footpoints. The spectrum becomes much more complicate, with avoided crossings when different modes interact. 5. The approximation of a reduced cavity suggested by some authors is only approximately valid for very high density contrast, but then the approximation of an isobaric loop is not very accurate.
There are other types of density profiles that have analytical solutions, such as a parabolic profile or a piecewise constant one, but more insight is gained from the exponential ones, which are closer to those used numerically and those suggested by observations. The frequency shifts induced by these kinds of profile are a correction to the results in Edwin & Roberts (1983) . Also, the frequencies depend very little on the exact shape of the density, provided it is loop-like (denser in the footpoints and approximately constant near the apex), but for other coronal structures, such as prominence fibrils, the change can be more relevant. We deduce that it is not only important the total amount of material in the loop, but also its distribution. We can compare our analytical work with results obtained from 1D numerical simulations by Selwa et al. (2005) and Mendoza-Briceño et al. (2006) , since the only comparison in these works was done with the results for a homogeneous loop. The hyperbolic density profile used in Selwa et al. (2005) has a high density contrast between the footpoints and the apex. Comparing with the analytical results we learn that the small wiggles near the footpoints are not numerical artifacts, but are indeed an expected feature; simply assuming that the cavity is reduced to an effective length does not give the right correction to the periods. However, this model has a temperature profile which is the inverse of the density and, if we fix a temperature in the apex at 10 6 K, then the resulting temperature in the footpoints is unrealistic (of order of 1 K). To avoid this problem the assumption of constant pressure needs to be dropped both in the equilibrium and the wave analysis.
Regarding the density equilibrium generated by random pulses as used in Mendoza-Briceño et al. (2006) , the density profile is changing, but the timescale for the change is much slower than the time it takes a slow wave to travel from one side of the loop to the other, so the approximation of taking an average density profile is reasonable. Moreover, it is expected that the periods depend slowly on time as the equilibrium density profile changes, and that partially explains why the peaks are not sharp in the wavelet diagrams in Mendoza-Briceño et al. (2006) . This averaged density profile is similar to the ones with low density contrast between apex and footpoint density used in our analytical models, so we may check that the fundamental mode is very similar to that in a homogeneous tube; however, higher harmonics have more marked shifts in frequency and different spatial distributions from their homogeneous counterparts. The equilibrium profile and consequently the eigenfunctions are not spatially symmetric with respect to the loop apex. Higher harmonics have also the extrema slightly displaced towards the footpoints and the extreme near the footpoints with lower amplitude, but the small oscillations near the footpoints of Selwa et al. (2005) are not present, since we check in Fig. 4 that the values of ρ m /ρ 0 are too low for these type of modes to appear.
We can also use these results to understand better the consequences of the inclusion of line-tying. This boundary condition seems reasonable and highly simplifies the discussion, since it decouples the coronal and photospheric plasma. However, we have shown that using an effective loop length to represent linetying is a only good approximation provided the density is very high in the neglected layers, but there are appreciable effects in the frequency and the spatial structure of the modes that are no longer included and also that there seems to be an array of modes which leak energy through these boundaries. Clearly, more accurate models are necessary to check this speculation, but the assumption of constant pressure must be discarded.
Another important point is whether the slow standing modes described in the present paper are likely to be excited in the solar corona. Observational evidence seems to point that slow propagating modes are damped before reaching the other side of the loop (De Moortel et al. 2002 and related papers) . There is however also evidence of detection of standing slow modes in the solar corona (Curdt et al. 2002; Ofman & Wang 2002; Nakariakov et al. 2004 ), so it is still not clear how these modes are excited or damped. Theoretically, a single pulse also deposits some energy in these modes, which might be the answer why their signatures appear in numerical simulations, but clearly this possibility must be further investigated.
It is also important to remark that there are other effects that are not taken into account in this model. Density stratification is mainly caused by gravity, but this contribution has been neglected in our analysis; work is in progress to study this possibility (McEwan et al. 2006) . Other effects to take into account are the features introduced by the dropping the stretching coordinate and thus allowing mode coupling or including the curvature in the analysis. In conclusion, our study makes clear the importance of including density structuring along the loop and points out that the effects of the dense layers near the photosphere, such as new families of modes and shifts in frequency. Moreover, the line-tying boundary condition needs further exploration too, but then pressure and non-ideal effects in the MHD equations must be taken into consideration in further work.
